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Projectile Dynamic Model
This report extends the work of Murphy and Bradley 1 and Fansler and Schmidt 2 describing jump caused by slight configuration asymmetries. Some of their results are briefly repeated here, for completeness, followed by a presentation of a closed-form analytic solution. The discussion then continues with a simple rational approximation, which is then compared to the analytic solution.
Flight mechanics of most projectile configurations can be captured using a rigid body six degrees of freedom dynamic model. 3 The degrees of freedom are three position components of the projectile mass center and three Euler orientation angles of the body. Figures 1 and 2 show two helpful schematics so that the degrees of freedom are seen to be related according to the following equations of motion, Forces in the body frame that appear in equation 3 contain contributions from weight (W) and air loads (A),
The weight force resolved into projectile body coordinates is given by equation 6,
The air loads are split into two components: the standard aerodynamic forces and the Magnus forces, Equation 8 gives the standard air loads acting at the aerodynamic center of pressure,
where
and 2 2 2
The Magnus aerodynamic force acts at the Magnus center of pressure,
Moments about the projectile mass center are due to aerodynamic forces, and moments (A) are
The aerodynamic moments caused by standard and Magnus air loads are computed with a cross product between the distance vector from the mass center to the force application point and the force itself. An unsteady aerodynamic damping moment is also present, which provides a damping source for angular motion,
All aerodynamic coefficients and the center of pressures are a function of the Mach number of the projectile mass center. The dynamic model previously described is nonlinear due to both three-dimensional rotational kinematics expressions and the presence of complex aerodynamic forces.
Reduction to Linear Theory
Useful performance data regarding trajectory prediction and the stability of projectiles forced early ballisticians to investigate mathematical simplifications to the equations of motion. Over time, a set of simplified and solvable, yet accurate, linear differential equations emerged, which today is commonly termed "projectile linear theory."
The governing equations previously developed are expressed in the body reference frame. In linear theory, the lateral, translational, and rotational velocity components are transformed to a nonrolling reference frame. The nonrolling frame, or so-called fixed plane frame, proceeds with only precession and nutation rotations from an inertial reference frame. Components of linear .
and angular body velocities in the fixed plane frame can be computed from the body frame components of the same vector through a single-axis rotational transformation. For example, the body frame components of the projectile mass center velocity are transformed to the fixed plane frame by 
Note that the ~ superscript indicates the vector components relative to the fixed plane reference frame. Projectile linear theory makes a change of variables from station line velocity component, u, to total velocity, V, as described in the next two equations:
and
A further change of variable from time, t, to dimensionless arc length, s, is also preferred and following Murphy 4 gives the dimensionless arc length,
Equations 18 and 19 relate time and arc length derivatives of a given quantity ζ . Dotted terms refer to time derivatives, and primed terms denote dimensionless arc length derivatives,
Linear theory makes several assumptions regarding the relative size of different quantities to further simplify the analysis. Euler angles are small so sin(θ) Quantities V and φ are large compared to θ, ψ, q, r, v , and w , such that products of small quantities and their derivatives are negligible. Application of these assumptions results in 
Aside from the fact that V appears in some of the previously mentioned coefficients, the dynamics are now expressed with linear ordinary differential equations.
Linear Theory Solution
Linear theory offers physical insight into the flight dynamics because closed-form solutions can be readily obtained. 4 Because V changes slowly with respect to the other variables, it is thus considered constant, 0 V V ≈ , when it appears as a coefficient in all dynamic equations except its own. Moreover, pitch attitude of the projectile is regarded as constant in the velocity equation, thus decoupling the velocity equation. The epicyclic motion, equation 28, together with the roll dynamics, equation 27, is uncoupled and forms a linear system of equations. In projectile linear theory, the Magnus force in equations 24 and 25 is typically regarded as small so that in further manipulation of the equations, all Magnus forces will be dropped. However, it is important to retain Magnus moments due to the fact that a cross product between Magnus force and its respective moment arm is not necessarily small. 
Noting that ( )
Neglect the product of damping and the product AE since the density ratio is assumed small. Defining 
by assuming p is small and ignored.
Rather than solve for the lateral translation and rotational velocity components, via equation 33, a more direct way to obtain the effects of asymmetry is to solve the swerve differential equations. The lateral translation and rotational velocity components are contained in the attitude differential equations, and the attitudes are contained within the swerve differential equations.
Swerve
Swerving motion along the earth-fixed I J and I K axes results from a combination of the normal aerodynamic forces, as the projectile pitches and yaws, plus the forces and moments due to the configuration asymmetry. Differentiating equations 22 and 23, with respect to nondimensional arc length and using the definition of ξ with equation 33, leads to the following expression,
For a stable projectile, the swerve caused by epicyclical vibration decays as the projectile progresses downrange and does not affect the long-term lateral motion. However, the assumption that the projectile is configurationally asymmetric causes an integrated effect that contributes to the long-term lateral motion of the projectile. Linear theory shows this center of mass motion contains terms that are bounded with arc length s plus terms that are linear with s and with the inclusion of gravity the solution of equation 34 will have even higher order diverging terms. These higher order terms are typically denoted as gravity drop. The linear terms are called jump terms, which are caused by initial conditions at the gun muzzle, forces caused by asymmetry, and aerodynamic characteristics. Ignoring gravity and evaluating the following limits formally defines aerodynamic jump 
The total aerodynamic jump vector Γ is expressed as the sum of two vectors. The first vector represents the muzzle conditions and the second results from asymmetry subjected to a varying roll rate:
for which ( )
The quantity Π is the contribution to the jump vector attributed to the assumed asymmetry of the projectile. The appendix shows that 
where ( ) 
. 
After finding the coefficients a0, a1, a2 a7 results in the rational approximation ( 
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Taking the limit of this expression, for 
Conclusions
Previous efforts describing jump due to asymmetry did not develop the closed-form solution presented here. All of the analysis is based on projectile linear theory, which leads to an expression based on the confluent hypergeometric function 1 F 1 . This solution is well approximated, for the arguments used here, with a simple rational expression obtained from a continued fraction expansion of the closed-form solution. This is a further extension of the Murphy and Bradley 1 and Fansler and Schmidt 2 results (see figure 3 ) that will prove useful for analysis and design purposes. 
